Recent progress on qubit manipulation allows application of periodic driving signals on qubits. In this study, a harmonic driving field is added to a Rabi dimer to engineer photon and qubit dynamics in a circuit quantum electrodynamics device. To model environmental effects, qubits in the Rabi dimer are coupled to a phonon bath with a sub-Ohmic spectral density. A non-perturbative treatment, the Dirac-Frenkel time-dependent variational principle together with the multiple Davydov D2 Ansatz is employed to explore the dynamical behavior of the tunable Rabi dimer. In the absence of the phonon bath, the amplitude damping of the photon number oscillation is greatly suppressed by the driving field, and photons can be created thanks to resonances between the periodic driving field and the photon frequency. In the presence of the phonon bath, one still can change the photon numbers in two resonators, and indirectly alter the photon imbalance in the Rabi dimer by directly varying the driving signal in one qubit. It is shown that qubit states can be manipulated directly by the harmonic driving. The environment is found to strengthen the interqubit asymmetry induced by the external driving, opening up a new venue to engineer the qubit states.
I. INTRODUCTION
Originally proposed to study the effect of a weak, rapidly rotating magnetic field on an atom possessing a nuclear spin [1, 2] , the Rabi model represents the simplest interaction between a two-level atom and a light field, and continues to inspire exciting developments in both mathematics and physics [3] . Since the two-level system in the Rabi model and its variants can describe qubits, the Rabi model has considerable impact on practical applications in quantum computation and information science [4] . Recently, the Rabi model has been used to describe various quantum systems, such as microwave and optical-cavity quantum electrodynamics (QED) [5] , ion traps [6] , quantum dots [7] , and superconducting qubits in circuit QED [8] .
Such systems are interesting both for fundamental study of quantum phenomena, such as Landau-Zener transitions [9, 10] , on the mesoscopic scale, as well as for promising design of future electronic devices. Multiphoton transitions have been proposed and realized in Josephson-junction qubits [11] . For example, Temchenko et al. studied the transition between two flux qubits that are biased by independent constant magnetic fluxes, and coupled to each other as well as to an unavoidable dissipative environment [12] . Zheng et al. reported new results on dynamical photon localization and delocalization in a Rabi dimer model with a dissipative bath [13] .
In particular, advances in QED devices and quantum dots make them promising candidates for the exploration of a tunable Rabi model due to their potential scalability and tunable parameters over a broad range [7, [14] [15] [16] [17] . * Electronic address: YZhao@ntu.edu.sg.
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One way is to apply an external driving field to the cavity [18, 19] , and the other is to impose the driving force on the qubit [11, 15, 20] . It is more common to tune the energy spacing of the qubit by changing the magnetic flux in the superconducting quantum interference device qubits [21] , or by applying external magnetic field on a spin qubit in a Si/SiGe quantum dot [7] . Dynamics of the tunable qubits is inevitably influenced by their environments. Environmentally induced fluctuations in the qubit energies are such an example. The qubit-enviroment coupling has been demonstrated to exist in various experiments, such as in a superconducting charge qubit coupled to an on-chip microwave resonator in the strong coupling regime [20] , in a circuit QED device with seven qubits [22] , and in a circuit QED implementation with a time-dependent transverse magnetic field [23] . QED devices typically work at extremely low temperatures. Dominant noise sources could be modeled by sub-Ohmic spectral densities or 1/f low-frequency noises [24] . For example, Egger et al. have shown that a sub-Ohmic type spectral density can characterize the qubit-bath coupling in a multimode circuit QED setup with hybrid metamaterial transmission lines [25] . However, effects of qubit-phonon coupling on qubit dynamics have not been sufficiently investigated. Recently, the multiple Davydov D 2 Ansatz has been developed to accurately treat dynamics of the generalized Holstein model with simultaneous diagonal and off-diagonal system-bath coupling [26, 27] . Influences of qubit-phonon coupling have also been probed in the dissipative Landau-Zener model using our variational approach [28] .
In a previous study [13] , photon delocalization in a Rabi dimer has been studied by employing the multiple Davydov trial states. The external control of the qubit population can be realized in the same experimental setup to engineer photon delocalization in the Rabi dimer by applying two independent magnetic fields on the two qubits. It is thus necessary to extend the successful method to study the dynamics of the tunable Rabi dimer in a dissipative bath [20, [29] [30] [31] . With respect to the dynamics of the tunable Rabi dimer, qubit polarization and photon dynamics affected by qubit-photon and qubit-phonon interactions have not received adequate attention. Here, we continue our endeavor with an accurate treatment of the many-body quantum dynamics in a tunable Rabi dimer.
In this work, we apply periodic harmonic driving to a qubit of the Rabi dimer and explore its effects on the qubit polarizations. We investigate the impacts of qubitphoton coupling and qubit-phonon coupling on the photon dynamics in the tunable Rabi dimer using the multi-D 2 Ansatz with the Dirac-Frenkel variational principle. Good convergence has been obtained using the employed method, justifying the validity of our method.
The remainder of the paper is structured as follows. In Sec. II, we present the Hamiltonian and our trial wave function, the multi-D 2 Ansatz. In Sec. III, using the Dirac-Frenkel time-dependent variational principle, we proceed to study quantum dynamics of the composite system when one qubit of the Rabi dimer is under harmonic driving and the energy splitting of the other qubit is kept constant. Environmental effects are examined by coupling the qubits to a sub-Ohmic phonon bath. Photon dynamics in the left and right resonators is discussed in Sec. III A, and qubit dynamics is investigated in Sec. III B. Conclusions are drawn in Sec. IV.
II. METHODOLOGY
A. Hamiltonian of the hybrid system
As illustrated in Ref. [13] , we model a Rabi dimer composed of two coupled transmission line resonators with each interacting with a qubit. The environmental effects on the device result from the coupling of the qubits to multimode micromechanical resonators, which are described by a collection of harmonic oscillators. By controlling the magnetic flux through the qubits in the dimer, harmonic driving can be applied onto the qubits, as shown in Fig. 1 . The Hamiltonian for the hybrid system can be written as
The Rabi dimer can be described by the following Hamiltonian ( = 1)
where J is the photon tunneling amplitude. The energy spacings of left and right qubits are constants in Ref. [13] , and here we make them tunable. To be specific, an external driving field can be independently imposed on each of the two qubits. The left (L) and right (R) Rabi Hamiltonians H 
where Ai 2 cos(Ω i t + Φ i ) serves as the periodic harmonic driving field on the ith qubit, and imply tunable energy spacing of the qubit. Φ L = Φ R = 0 is set to simplify the simulations. ω i is the frequency of the photon mode in the ith Rabi system. σ i x and σ i z are the usual Pauli matrices, and a i (a † i ) is the annihilation (creation) operator of the ith photon mode. g i characterizes the coupling strength between the qubits and the photons. We assume the frequencies of the photon modes and the qubitphoton coupling strengths are identical in the tunable dimer, i.e., ω L = ω R = ω 0 , and g L = g R = g.
To study the dynamics of the tunable Rabi dimer in the presence of an environment, we model a phonon bath of N quantum harmonic oscillators by the Hamiltonian H B and the qubit-phonon coupling by the Hamiltonian H BQ ,
and
where
is the annihilation (creation) operator of the kth bath mode with frequency ω k , and φ k is the coupling strength between the kth mode and the qubits. The qubit-bath coupling is characterized by a spectral density function,
with ω c being the cut-off frequency and the dimensionless parameter α quantifying the qubit-bath coupling strength [32] . Since the focus of this work is the application of an external field on the Rabi dimer, we use a weak photon tunneling strength J, producing energy levels with small gaps in the spectrum of the Rabi dimer. Low frequency bath modes are crucially important to the dynamics, as these modes may be at resonance with some transitions in the Rabi dimer. Therefore, a sub-Ohmic bath spectral density with s = 0.5 is chosen in this work.
The logarithmic discretization procedure is adopted to parameterize the low frequency bath modes with balanced numerical accuracy and efficiency [32] . The cutoff frequency for the bath modes is set to ω c = ω 0 , and the maximum frequency used in the discretization is ω max = 20 ω c . If the energies corresponding to frequencies of the photon and phonon modes are high in comparison with the thermal energy k B T , the oscillators are thermally inactive, and thus the dynamics influenced by the bath modes is temperature independent in a wide temperature range [8, 20] . QED devices typically work at extremely low temperatures. Therefore, T = 0 is adopted in the current study. It is straightforward to include the temperature effects in this methodology by applying Monte Carlo importance sampling [37] . Simulations at finite temperatures require relatively more computational resources, and will be performed in future studies.
B. The Multi-D2 Ansatz
The multiple Davydov D 2 Ansatz with multiplicity M are essentially M copies of the single Davydov D 2 Ansatz [33, 34] . It is also known as the multi-D 2 Ansatz, and has been employed to study static and dynamic properties of various systems, producing excellent numerical efficiency and accuracy in a broad parameter regime in the presence of both diagonal and off-diagonal coupling [13, [26] [27] [28] [35] [36] [37] [38] [39] [40] . In this work, the multi-D 2 Ansatz is employed to treat accurately both the off-diagonal qubit-photon coupling and the diagonal qubit-phonon system-bath coupling in Eq. (1), and can be constructed as
where | ↑↓ = | ↑ L ⊗ | ↓ R with ↑ (↓) indicating the up (down) state of the qubits. |µ n L and |ν n R are coherent states of the photon modes
where |0 L(R) is the photon vacuum state of the left (right) resonator. |η n B is the coherent state of the phonon bath
with |0 B being the vacuum state of the phonon bath.
, and η nk (t) are time-dependent variational parameters to be determined via the time-dependent variational principle. A n is the probability amplitude in the state | ↑↑ |µ n L |ν n R |η n B , µ n (ν n ) is the displacement of the left (right) photon mode, and η nk is the displacement of the kth bath mode.
C. The time-dependent variational principle
Equations of motion for the variational parameters are derived by adopting the Dirac-Frenkel time-dependent variational principle,
where α n are the variational parameters, i.e., A n (t),
Details of the derivations can be found in Appendix A.
D. Observables
Employing the Dirac-Frenkel time-dependent variational principle with the multi-D 2 Ansatz, we investigate the bath induced dynamics of a Rabi dimer with specific contributions from individual bath modes presented explicitly. The time evolution of photon numbers in two resonators is given by
where S ln (t) is the Debye-Waller factor
The time evolution of the photon imbalance is
and that of the total photon number is
. These quantities are used to characterize photon localization and delocalization. In addition to photon dynamics, the time evolution of the qubit states is recorded during the simulations by measuring the time evolution of the qubit polarization via
As given in Hamiltonian (1), the qubits serve as a bridge to connect the photon and the phonon modes, transferring bath-induced impacts to the photons. Combining influences from the photons and the bath, our calculated qubit dynamics reflects the complex interactions between the photon modes and the phonon bath.
Thanks to the methodology adopted here, the temporal evolution of the phonon bath can also be obtained explicitly. To reveal the participation of individual phonon modes in the Rabi dimer dynamics, we calculate the population on the kth mode as follows (17) Through interacting with the qubits, the phonon bath gradually gains sufficient energy from the Rabi dimer to affect the dynamics of the photons and the qubits. In return, the influences of the QED system on the bath modes can be investigated by calculating the populations dynamics N B k (t).
III. RESULTS AND DISCUSSION
Used as comparison is a case where the qubits and the photons are at resonance in the absence of a driving field. The parameter set chosen is
, and Φ L = Φ R = 0. In the absence of a phonon bath and a driving field, the photon dynamics is determined by the cooperation between J and g. A relatively weak photon tunneling rate J = 0.05ω 0 is adopted here, and the quadrature-quadrature coupling between the two photon modes is neglected [41, 42] . According to recent experiment [43] , ultrastrong qubit-photon coupling (USC) is preferred, thus the qubit-photon coupling strength is set to g = 0.3 ω 0 . The combined effects of J and g used here lead to photon delocalization over two resonators in a bare Rabi dimer [44] . We choose a qubit-bath coupling strength of α = 0.1 to model the phonon effect. A two-qubit gate has been studied by Hänggi et al., and an ac field was acted upon one of the qubits to induce a time-dependent level splitting [45] . Here, a harmonic driving field is applied to the left qubit without loss of generality. Similar to previous experimental and theoretical work [13, 43] , a fully localized photon state is prepared by pumping N (0) = 20 photons into the left resonator while keeping the right one in a photon vacuum with µ 1 (t = 0) = √ 20 and µ n =1 (t = 0) = ν n (t = 0) = 0. The qubits in the two resonators start to evolve from their down states with A n (t = 0) = B n (t = 0) = C n (t = 0) = D n =1 (t = 0) = 0 and D 1 (t = 0) = 1. The phonon bath is initially in a vacuum state with η nk (t = 0) = 0. Validity of our approach has been extensively tested in the previous work, and calculations are performed with a sufficiently large multiplicity M in this work. The multiplicity M = 8 and number of phonon modes N bath = 0 is set for cases of α = 0, while M = 6 and N bath = 60 is used for cases of α = 0.1. The reader is referred to Ref. [13] for details of the validity study.
As the driving force is exerted on the left qubit, the site energy on the qubit can be directly controlled by following parameters: the driving field strength A L , the harmonic driving frequency Ω L , and the ratio between them R = A L /Ω L . The effect of the driving field will be transferred to the left photon mode via the qubitphoton coupling g. In the proposed QED device shown in Fig. 1 , the photons initially created will hop between two resonators with a tunneling rate of J.
A. Photon dynamics
We first study the photon dynamics in the composite system. Shown in Fig. 2 are the time-dependent photon numbers in two resonators in the absence of the phonon bath. The photons hop between the resonators due to the inter-resonator tunneling rate J. For the case without a driving field and a phonon bath, as shown in Fig. 2(a) , the photon number in an individual resonator approaches half of the initial total photon number, indicating photon delocalization with quasiequilibration in two resonators at long times [13] . Due to the qubit-photon coupling, the oscillation amplitude decays as time evolves. The decrease of the oscillation amplitude can be seen as a purity loss in one Rabi model or the decoherence in the Rabi dimer [45] . Upon applying a harmonic driving field to the left qubit, the external field provides energy to the Rabi dimer and the oscillation amplitude damping of the photon numbers is suppressed, as displayed in Figs. 2(b)-(d) . Hänggi et al. discovered that the decoherence in the twoqubit system at low temperatures can be significantly slowed due to the application of the harmonic driving, and the purity loss depends on the ratio R between the driving field strength A L and the driving frequency Ω L [45]. As expected, Figs. 2(b)-(d) show that the decay of the oscillation amplitude of the photon number is decelerated by an increasing ratio R with the fixed driving field strength A L = ω 0 .
Upon turning on the qubit-bath coupling, the photon numbers in two resonators deviate dramatically from those without a phonon bath, as shown in Fig. 2 and Fig. 3 . In the absence of the driving field, the oscillation amplitude of the photon numbers in Fig. 3(a) drops faster than those in Fig. 2(a) , since the phonon bath absorbs the energy from the qubit via the qubit-bath coupling, leaving few photons active in the resonators at long times. Our results are in agreement with the conclusion that the environmental noise may lead to strong purity loss in a Rabi model [45] . The field applied in Fig. 3(b) is the same as that for Fig. 2(b) . It is found that a driving field with strength A L = ω 0 is incapable to keep the photons active, and can not significantly offset the photon dynamics.
In order to offset the dissipative effects from the phonon bath, the driving field strength is increased to a larger value of A L = 10 ω 0 , and the ratio R = A L /Ω L varies from 10 to 200, as shown in Fig. 4 . The phononic effects on the photon dynamics under a strong field are much weaker than those under a weak field. As shown in Fig. 4 , a larger ratio R implies a lower harmonic driving frequency, and the oscillation amplitude of the photon numbers generally decays faster as R increases in the presence of the phonon bath. In contrast, the decay of the oscillation amplitude becomes slower as R grows larger when the phonon bath is absent, as shown in Fig. 2 . This is because the photon bath has only one mode with the frequency of ω 0 while the phonon bath includes more low-frequency modes. The sub-Ohmic phonon bath has strong dissipative effects on the photon dynamics for lowfrequency drving. Detailed phononic effects on the photon numbers can be better understood by the corresponding population dynamics of the bath modes, as will be presented in Fig. 9 . It is found that a strong driving field can significantly suppress the decay of oscillation amplitude of the photon numbers even in the presence of the phonon bath.
Next, we study the time evolution of the photon imbalance in the presence of the qubit-bath coupling of α = 0.1. As shown in Fig. 5 , the oscillation amplitude for the no driving case decreases to 2 around tJ = 14. In comparison, slower decay is presented as the driving field strength increases with a harmonic driving frequency of Ω L = 0.5 ω 0 . This is because the oscillation amplitude of the photon number evolution decreases more gradually when the ratio of field-strength and frequency is raised. Varying the driving field strength is similar to tuning the qubit-photon coupling strength and the tunneling rate, leading to a more delocalized photon state [47] . As extensively studied by Savel'ev et al., manipulation of one qubit can be realized by applying an ac signal to an adjacent qubit coupled with it via interqubit interaction [46, [48] [49] [50] . We have a more sophisticated system with two photon modes and one phonon bath, but we still can indirectly alter the photon imbalance between the two resonators by changing the driving signal in one qubit coupled to its related resonator. The photon dynamics in one resonator can be further controlled by manipulation of the driving field on the qubit coupled to the neighbouring resonator. With a fixed qubit-phonon coupling strength, it is the competitive qubit-photon interaction g and inter-resonator photon tunneling J that determine the photon dynamics in a Rabi dimer. Hausinger and Grifoni have shown that the external driving field on qubit can amplify the effects of qubit-photon coupling [47] . Therefore, J appears relatively weaker compared to the effective g as the driving field strength is increased [44] , leading to longer period oscillations of the photon imbalance as shown in Fig. 5 . This longer period for stronger A L is detectable at long times as illustrated by the arrow at around tJ = 11.3.
We then explore the time evolution of the total photon number to study photon creation in the absence of the phonon bath, as shown in Figs. 6 (a) and 6 (b). Initially, the total photon number is 20, and all the photons are found in the left resonator. Without the external field, the photon number decreases at short times because the right photon mode is in its initial vacuum state. The high-frequency oscillations in the time evolution of the total photon number have the same frequency as the photons, which is much larger than the photon tunneling amplitude J = 0.05 ω 0 . At long times, though the qubitphoton coupling g = 0.3 ω 0 is strong enough to ensure photon delocalization over two resonators in a bare Rabi dimer, the photon numbers stays almost constant during inter-resonator tunneling, as presented by the red dotted line in Fig. 6(a) . The application of various harmonic driving fields scarcely affects the total photon number if the driving field frequency Ω L is off-resonant with the photon frequency ω 0 . With a fixed photon frequency ω 0 , we can vary the frequency of the harmonic driving Ω L . If Ω L is in resonance or near resonance with ω 0 , the total photon number is found to increase with time, as shown in Fig. 6(b) . Even in simple driving models with a single qubit, rich physics has sometimes been uncov- ered thanks to the resonance between the periodic driving field and the energy splitting in the qubit systems [15, 47, 51, 52] . In a strongly driven superconducting qubit, a fringe pattern can be found in the peaks of interqubit transition probability around multiphoton resonance positions [15, 51] . Cao et al. studied a driven spin-boson model with the driving field frequency in resonance with the tunneling in the two level system, and found a damped oscillation for weak driving and an undamped, large-amplitude coherent oscillation for strong driving [52] . In our model, after the application of the harmonic driving of Ω L = ω 0 to the left qubit, the total photon number is kept larger than the initial total photon number due to the resonance between the periodic driving field and the photon frequency, as displayed in Fig. 6(b) . In contrast, the addition of a phonon bath leads to the decrease of total photon number, as shown in Figs. 6(c) and (d) . Even in the presence of the phonon bath, the total photon number can be compensated by applying a driving field of a sufficiently large amplitude, comparing to that without the field. As indicated in Figs. 6(c) and (d) , the total photon numbers can be more easily controlled using a resonant driving field than using an off-resonant one. 
B. Qubit dynamics
In addition to the photon dynamics, the time evolution of the qubit polarization can be monitored. As shown in Fig. 7 , the qubit dynamics can be directly tuned by the external driving field. When the phonon bath is absent, the left qubit is controlled by the driving field, the photon mode, and the photon tunneling. Here we choose a driving field with A L = 10 ω 0 and Ω L = 0.1 ω 0 , and examine the influence of the field and the photon mode on the polarization of the left qubit. The qubit is initially in its down state. As time evolves, the mixing effects lead to segmented oscillations in the left qubit polarization, as displayed in Fig. 7(b) . There are at least four types of energy contributions to the oscillation of the left qubit polarization: the energy of driving field with frequency Ω L , the photon energy with frequency ω 0 , the photon tunneling energy 2J, and the splitting energy F (t) = A L cos(Ω L t) in the left qubit. It can be found that the driving field determines the pattern with the frequency of Ω L , by comparing Figs. 7(a) and (b) . In the first plateau of Fig. 7(b) , the left qubit polarization oscillates with small amplitudes and the time-dependent frequency of F (t), as indicated by the red arrows. Once the energy difference between the up and down states of the left qubit approaches zero, the left qubit flips from the down (up) state to the up (down) state as denoted by the black down arrows, leading to the second (third) plateau in the overall trend. After flipping at tJ = π/4, the splitting F (t) becomes larger, and prevents further flipping until F (t) is close to zero again at tJ = 3π/4. In each plateau, the qubit polarization oscillates with a small amplitude and a high frequency due to the combined effects of photon oscillations and the changing qubit splitting energy. This small amplitude can be understood as follows. The photons flow from the left (right) to the right (left) resonator, as shown in Fig. 7(c) . Too few photons in the left resonator are available to affect the qubit polarization at around tJ = π/2, leading to small amplitude oscillations in the second plateau of the qubit polarization.
As shown Fig. 8 , the external driving creates asymmetry between the left and right qubit polarization. In Figs. 8 (a) and 8(b) , in the absence of a phonon bath, the interqubit asymmetry (i.e., the difference between the blue and red curves) grows as the field strength is increased. The oscillation amplitude of the right qubit polarization (blue) vanishes at shorter times in Fig. 8 (a) than that in Fig. 8 (b) . Segmented oscillations (squarewave like patterns) appear in the left qubit polarization (red) and are strengthened as the field strength is increased. In Figs. 8 (c) and 8 (d) , when the bath is present, the segmented oscillation shows a higher oscillation amplitude comparing to its counterpart without a phonon bath. In particular, the qubit polarization shows a time periodicity of 2π/Ω L under a strong driving field. In Figs. 8 (c) and 8 (d) , the asymmetry between the left and right qubit polarization becomes more obvious, when the phonon bath is present. The phonon bath is diagonally coupled to the qubits and can be treated as a bias on the qubits. The bath can then trap the qubit in its up or down state, resulting in more pronounced asymmetry between the left and right qubits. It can also be understood as follows. Due to the driving field, it is more difficult for the left qubit to flip than the right qubit, as the left qubit flips only when F (t) = 0. The results of qubit polarization indicate that we can manipulate the qubit state directly by harmonic driving. Moreover, the asymmetry between the two qubits can be strengthened by the environmental phonons, leading to a new venue to engineer the qubit states.
In order to gauge the participation of individual phonon bath modes in the tunable Rabi dimer dynamics, we study population evolution of the bath modes. Thanks to our wave function based method, detailed phonon dynamics is available to shed light on the interplay between the electronic and phononic degrees of freedom (DOFs). In contrast, the phonon DOFs are traced out when constructing the reduced density matrix in the density matrix based methods, and explicit information of the bath dynamics is lost [45, 52] . Without the driving field, two qubits can freely flip and the total photon number decreases continuously, exciting a large number of phonon modes via the the qubit-phonon coupling [13] . After the application of the harmonic driving, interesting physics can be obtained from detailed phonon dynamics. As shown in Fig. 9(a) , the phonon bath is at its vacuum state at t = 0. At short times, there is an energy influx into the modes with frequencies near ω k = 1.5 ω 0 [13] . After tJ = 2, there is an increase in the population of ω k = 2.0 ω 0 , which is attributed to the energy passed by the two qubits from their coupled photon modes with the frequency of ω 0 to the phonon modes. Since the left qubit flipping is determined by the driving field, the population of phonons that are in resonance with the driving field frequency Ω L = 1.0 ω 0 grows larger. Low-frequency phonons are gradually excited at long times, because the sub-Ohmic phonon bath is featured at low-frequency regimes. As presented in Figs. 9(b)-(d) , the phonon modes in resonance with periodic driving field frequency Ω L dominate the phonon dynamics, if Ω L is smaller than ω 0 . This is because the qubits are directly coupled to the phonon bath, and the left qubit continuously receives external energy from the strong field A L = 10ω 0 and switches its orientation at a low frequency Ω L < ω 0 . In Fig. 9(b) , phonon dynamics is dominated by active phonons with frequencies around 0.5 ω. Among the the four cases shown in Fig. 9 , more low-frequency phonon modes are found in Figs 
IV. CONCLUSION
In our previous work [13] , we studied the intriguing role played by the qubit-phonon coupling in engineering photon delocalization in a dissipative Rabi dimer in the absence of external fields. In this work, we extend our formulism to investigate the influence of a harmonic driving field in the vicinity of one of the qubits on the dynamics of the composite system. Following the Dirac-Frenkel timedependent variationa principle, the photon and the qubit dynamics is probed by employing the multi-D 2 Ansatz. The external harmonic driving field can provide energy to the Rabi dimer and slow the amplitude damping of photon number oscillations induced by qubit-photon coupling in the absence of a phonon bath. Especially, the total photon number is found to be larger than, or equal to, its initial value due to the resonance between the periodic driving field and the photon frequency. In the presence of the phonon bath, the photon numbers are dramatically reduced and the reduction can be partially compensated by strong driving fields. It is revealed that the qubit polarization can be tuned by the harmonic driving. Low-frequency segmented oscillations can be found in the time evolution of the left qubit polarization if the driving field frequency is not high. Environmental effects can strengthen the qubit state asymmetry induced by the driving field. Finally, our phonon dynamics analyses based on the multi-D 2 Ansatz can successfully identify the contribution of specific phonon modes to the time evolution of the photon numbers and the qubit polarization. Recently, simultaneous manipulation of the two qubits has been proposed in a system of two superconducting flux qubits interacting with each other through their mutual inductance [53] . Work on simulating photon and qubit dynamics is in progress by applying separate external fields on the two qubits. 
By numerically solving these equations at each time t, one can calculate the values ofȦ n ,Ḃ n ,Ċ n ,Ḋ n ,μ n , ν n , andη nk accurately. The fourth-order Runge-Kutta method is then adopted for the time evolution of the tunable Rabi dimer, including the time-dependent photon numbers, qubit polarization, and population of the bath modes.
